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Abstract 
It is known that Lotka-Volterra type differential equations with 
delays or distributed delays have an important role in modeling 
ecological systems. In this paper we study the effects of distributed 
delay on the dynamics of the harvested one predator – two prey 
model. Using the expectation of the distribution of the delay as a 
bifurcation parameter, we show that the equilibrium that was 
asymptotic stable becomes unstable and Hopf bifurcation can occur 
as the expectation crosses some critical values. 
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1. Introduction 
In this paper we study the stability and bifurcation of the following one predator 
– two prey model with distributed delay. 
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The meaning of )(tx
i
, ija , ir , )3,2,1,( jiH  is the same as those in paper 
[1]. 
Kumar et al. [5] considered the following one predator – two prey system 
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without delay. 
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They studied the stability and bifurcation of system (2) using the harvesting rate 
H  as a bifurcation parameter. 
Zhihua Liu et al. [1] studied the stability of positive equilibrium and Hopf 
bifurcation of system (1) using the delay value   as a bifurcation parameter when 
     xxfE ( -function).  
Systems with delays or distributed delays are studied in many situations (see [2, 
3, 4, 6, 7, 8, 9]). In [7] the linear differential equation with distributed delay  
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0
 dtxftxtx       (3) 
is concerned. They studied sufficient conditions for stability of equilibrium of 
system (3).  
In this paper, we study the effect of distributed delays on system (1). 
 
2. Main result 
Like Kumar et al. [5], we also choose 123122211321  aaaarrr ,  
033 a , 5.121 a , 5.032 a , aa 13 , aa
2
1
31  . Then system (1) becomes as  
following. 
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   (4) 
Here  Ef  satisfies the following conditions.  
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1)    Ef  represents the probability of the event of occurrence of delay 
between   and   . That is,  Ef satisfies the following: 
    0:,0   Ef ,  


0
1 dfE ,  


0
EdfE  . 
Here we call E  the expectation of distributed delay. 
  2) As the variable tends infinity, it is rapidly decreasing or it’s support is 
compact. 
Let’s denote the positive equilibrium of (4) with  *3*2*1* ,, xxxE  . The *ix  is 
the same as paper [5], considering the condition (1) of  Ef . 
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Here 0H  and 0* ix  3,1i , thus we assume that 
23
242

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a
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HH c ,   22a . 
If there is no distributed delay, the system (4) is the same with the system  
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     (6) 
which has been considered in [5]. The positive equilibrium of (6) is equal to the 
positive equilibrium (5) of (4). 
Hence if there is no effect of distributed delay, that is, when 0E , the positive 
equilibrium of (4) is locally asymptotically stable if and only if the following 
conditions hold [1]: 
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01 a , 042  aa , 053  aa , 53421 )( aaaaa  .     (7) 
Here 
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15
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x
H
xxa  . 
Now we study the effect of distributed delays on system (4). 
Let      3,2,1  ,*  ixtxtN iii , the system (4) becomes  
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The characteristic equation of the linearized system is as follows: 
    05
0
4
0
3
2
2
1
3  



 adefadefaaa EE 

.     (9) 
Theorem 1. Suppose the conditions in (7) hold. Then the equation (9) has a 
simple pair of conjugate purely imaginary roots 
1i  with some expectation 1E . 
Proof: 0  is a root of (9) if and only if 053  aa . By the condition of the 
theorem, we have 053  aa  and hence 0  is not a root of (9).  
Assume that for some expectation E , 1 i  01   is a root of (9). 
Substituting 1 i  into (9) and separating the real and imaginary parts yield 
         5
2
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114
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13 sincos aadfadfa EE  

 ,          (10) 
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
.      (11) 
Adding sidewise after squaring the left and right sides of (10) and (11), we can 
obtain    11  GF  . Here   
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5
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1:  aaaG  . 
Here using the Schwartz inequalities, we have  
         






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
0
2
0
2
0
coscos  dfdfdf , 
         

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

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
0
2
0
2
0
sinsin  dfdfdf . 
Thus we have 
             ;   224
2
3  aaF  . 
Let’s consider       GFH : . Since  RCGF , , hence  RCH  . If 
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we let 0 , then       0000 25
2
3  aaGFH . (The fact that 0
2
5
2
3  aa  
has been proved in the proof of the theorem 1 of [1].) Now if we let 0   
where 0  is equal to   in [1], then we have 
           02024230000   aaFGFH . 
(The fact that    2024230  aaG   has been proved in the proof of the theorem 1 
of [1].) Thus there exists a 1  ],0( 0  such that    11  GF  . 
From (10) and (11),  
   
 





0
2
1
2
4
2
3
533142
2
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
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
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aaaaaaa
df E ,          (12) 
On the other hand, in [7] we know        
    1
1
0
1 1cos1 E
c
df E


 

, where 2764.20,1cossup : 






 x
cx
xcc

. 
By (12),  
  
 2124231
3142
2
14
2
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2
1
2
4
2
3
1


aac
aaaaaaaaa
E


  . 
The equation (9) has roots 1i  when the expectation takes the value 1E such 
that the above inequality holds.(QED) 
Theorem 2. Suppose the conditions in (7) hold. Then we have  
1) If  1,0 EE , then the positive equilibrium 
*E  of (4) is locally 
asymptotically stable. 
2) If the condition 
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




i
EE
EEE
de
dE
df
ade
dE
df
a
defadefadefaaa
  
holds, then in the system (4) Hopf bifurcation occurs when 1EE  . 
Proof: If 0E , the characteristic equation (9) is as follows: 
  05342
2
1
3  aaaaa  . 
(See the theorem 4.0.5 of [7].) This equation has roots with negative real part. If 
1EE  , the equation (9) has a pair of conjugate purely imaginary roots 1i . If 
 1,0 EE , the equation (9) has roots with negative real part. Thus if  1,0 EE , the 
positive equilibrium *E  of (4) is locally asymptotically stable (4). 
Let denote the root of (9) by      EiEE   , then we have 
  01 E ,   11  E . 
If the transversal condition  
 
0
Re
1
1 
EEdE
Ed
E

  is satisfied, then the Hopf 
bifurcation occurs in the system (4) when 1EE  . If we denote (9) by   0, EG  , 
then 
  
 11 

 iEi G
G
d
dE
 
     
   
1
0
4
0
3
0
4
0
3
0
421
2 23








i
EE
EEE
de
dE
df
ade
dE
df
a
defadefadefaaa















 . 
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Thus if the condition 2) of the theorem holds, the Hopf bifurcation occurs as the 
transversal condition holds. (QED) 
 
3. Conclusion and Further Study 
In this paper we provided a condition for Hopf bifurcation to occur in the 
equilibrium in equations of Lotka-Volterra type with distributed delays when using 
the expectation of the distribution of the delay as a bifurcation parameter. (See (7) 
and theorem 1, 2.) 
Lotka-Volterra competitive systems (with delay) are being studied in recent, too. 
For example, [10] proposed a discrete Lotka-Volterra competition system with 
infinite delays and feedback controls. Sufficient conditions which ensure the global 
attractivity of the system are obtained. In [12], a discrete nonautonomous 
two-species Lotka-Volterra competitive system with delays and feedback controls 
is proposed and investigated. By using the method of discrete Lyapunov 
functionals, new sufficient conditions on the permanence of species and global 
attractivity of the system are established. [11] discussed a two-species discrete 
competition system. The local stability of positive equilibrium is obtained. Further, 
a sufficient condition for the global asymptotic stability of positive equilibrium is 
established.  
In further study we will study bifurcation problems and control problems for 
Lotka-Volterra type systems with various type of delays including infinite delay. 
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